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The possibility in principle is shown that the noncompensated Casimir force can exist in nanosized 
open metal cavities. The force shows up as time-constant expulsion of open cavities toward their 
least opening. The optimal parameters of the angles of the opening, of "generating lines" of cavities 
and their lengths are found at which the expulsive force is maximal. The theory is created for 
trapezoid configurations, in particular for parallel mirrors which experience both the transverse 
Casimir pressure and longitudinal compression at zero general expulsive force. 
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To find such geometrical configurations of nanosized 
bodies, at which the Casimir repulsion of the bodies, of- 
ten associated with levitation and buoyancy effects, can 
take place, is an urgent task (see, for example, [IHl]- 
However, the levitation is possible only at limited dis- 
tances from the surface of bodies-partners. Much more 
promising and important is the search of geometrical 
shapes which can have Casimir noncompensated force 
causing the effect of continuous expulsion of a configura- 
tion in a certain direction independent of the proximity 
to the surfaces of bodies-partners. The objective of the 
present work is to demonstrate such possibility. 

When the volume of a quantum field is bounded by 
material boundaries, there can be not only Casimir at- 
traction force [H but the effects of neutral "buoyancy" 
of curved surfaces @ and other interesting phenomena 
as well (see, for example, 0,0)- The Casimir classi- 
cal result for two planes is obtained by assuming that 
they are infinite and, correspondingly, all the other com- 
ponents of the energy-momentum tensor (EMT) of the 
electromagnetic field are compensated except those that 
are normal to the surface. Naturally, in the case with 
objects having finite sizes the application of the classi- 
cal Casimir result cannot reflect all possible occurrences 
of zero electromagnetic-field oscillations. The calcula- 
tions of Casimir forces for particular configurations are 
rather complicated Q. Therefore, light variants of ap- 
proximated calculations are used taking into account only 
the existence of EMT components normal to a surface. 
Such approximation is the one of Deryagin Q for short- 
range Van der Waals forces, within the frames of which 
the Casimir forces between microspheres and a surface 
(see, for example, [10j ) and some other similar config- 
urations are calculated. The discrepancies between the 
magnitudes of forces calculated with the use of the prox- 
imity force approximation (PFA) and true magnitudes of 
Casimir forces can be much more than 0.1% [ll[ since 
there is an essential difference in the nature and long- 
range action of Casimir and Van der Waals forces. At 
present new methods for the calculation of forces for dif- 



ferent configurations are being looked for (see, for exam- 
ple, [12 - [l7| ). The method based on classical geometrical 
optics can be mentioned as one of the most promising 
O [l8j]. However, none of the existing approaches allows 
to demonstrate the existence of Casimir expulsive forces 
in any configurations. It is due to the fact that normally 
problems are focused upon the interaction of parts of the 
configuration of a body or bodies-partners. 

Let us consider a configuration with a trapezoid cav- 
ity which will serve as an example for the demonstration 
of the possibility in principle that the Casimir expulsive 
forces can exist. Cavity should be understood as an open 
thin- walled metal shell with one or several outlets. The 
inner and outer surfaces of the cavity should have the 
properties of perfect mirrors. The cavity should entirely 
be immerged into a material medium or be a part of the 
medium with the parameters of dielectric permeability 
being different from those of physical vacuum. In Carte- 
sian coordinates the configuration looks like two thin 
metal plates with the surface width L (oriented along 
the z-axis) and length R, which are situated at a dis- 
tance a from one another; the angle 2tp of the opening 
of the generating lines of cavities between the plates can 
be varied (by the same value tp simultaneously for both 
wings of the trapezoid cavity) as it is shown in Fig„L. 

Further, let us use the following formalism. Let us 
take the so-called tensor of Casimir stress for the elec- 
tromagnetic field between two parallel plates separated 
by the distance a, which is determined in 4D space-time 
coordinates (tc, x, y, z) [1, [T|| in the form 



T*" = ^diag(l,-l,-l,3), 
a 



(1) 
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where the Casimir energy per unit of area is E c = 
— 7 2o^a ■ Here, h = h/2ir is the reduced Planck constant, 
c is the velocity of light. We use only the component 
P c = T 33 of the stress tensor for each point r on the 
cavity surface. However, let us note that the coordinates 
(x, y, z) in 4D space are not the same as the coordinates 
on our drawing plane (x, y, z). 

For solving the problem let us assume that virtual pho- 
tons have the properties of rays and are strictly specu- 
larly reflected from the perfectly conducting metal walls 
both inside and outside the cavities. As a first approx- 
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FIG. 1. Schematic view of the configuration of a symmetric 
trapezoid cavity with the length R of the wing surface, a 
particular case of which is parallel planes, i.e. tp = 0, and 
a triangle at a = 0. The section of the cavity shown in the 
Cartesian coordinates in the plane (a;, z) has the width L in 
the y direction normal to the plane of the figure. The blue 
straight lines designate virtual rays with the length b coming 
from the point Mi at limit angles Oi and O2 onto the right 
cavity surface ending at the ends of the opposite cavity wing 
at the points M2 and M3, respectively. 



imation, we assume that this property of rays is char- 
acteristic of all lengths of waves of the electromagnetic 
spectrum. For each ray incident at the angle © on the 
cavity surface from the outside there is a strictly opposite 
corresponding ray coming from the inside. The action of 
the pulses of the above rays results in the presence of the 
local (at the point r) specific Casimir force which is non- 
compensated for each direction © on the outer surface of 
the cavity. It means that the Casimir pressure of each 
individual ray incident on the point r at any of the angles 
will correspond to the value 



P c (a,(p,Q,r) 



240 6 4 : 



(2) 



where b — f(r,a,tp,@). The force action of each ray in 
our coordinates (x, y, z) is decomposed into components 
directed along x— and z— axes. The component directed 
against the z-axis is associated with the specific force 
(pressure) acting upon the cavity surface and its sign 
conforms to the sign of the Casimir pressure in formula 
([2]). The component directed along the cc-axis (its sign 
should be +) is associated with the specific force of ex- 
pulsion of the entire configuration (or the force of sliding 
of one cavity wing relative to the other when one plate 
is fixed and the other is not). 

The material medium both inside and outside metal 
cavities, in principle, can have dielectric permeability e 
different from that of vacuum. This fact like many oth- 
ers (temperature etc.) can be taken into account; 
however, further we shall consider an ideal situation. 

The operator of turning of the right wing of the con- 
figuration through the angle ip and of each ray at any 



local point r (with the angles between the rays and 
the cavity surface as in Fig[T} can be written in the form 



cos(0 — ip) 
sin(0 — <p) 



(3) 



The local stress tensor at the point r in our coordinates 
(x, z) can be expressed as 



Pik = Pc 



-I 
I 



(4) 



Then the integral quantities for Casimir pressures along 
the x— and z-axes at the point r at all possible angles 
are 



<-), 



P k (r) = J PikfidQ. 
0i 



(5) 



The entire Casimir force of compression (at P z = P 22 ) 
acting thus upon one of the plates along the z-axis in our 
coordinates (x, y, z) can be expressed as follows 

L R 02 

F z = [ dy [ dr [ P c (p, 0, r) sin(0 - <p)dG. (6) 



The entire Casimir force of expulsion (at P x = Pn) along 
the x-axis is 

l r. e 2 

F x = - J dy J dr J P c {p, 0, r) cos(0 - p)dS. (7) 
6i 

Here for the given geometry the limit angles are 0i = 
f(r, a, ip) and ©2 = f(r, a, ip). Let us find these angles us- 
ing geometric notion of directing vectors corresponding to 
the rays for limit angles ©1, ©2 and to the "generatrix" 
of the right wing of the cavity on the schematic view of 
the trapezoid configuration (FigJT]). Let us designate the 
point data on the trapezoid cavity scheme: Mq{xq,zq), 
Mi(xi,zi), M 2 (x 2 ,z 2 ) and M 3 (x3,z 3 ). Then, the vec- 
tor MqMi = [xi — xq; z\ — zq) is chosen as a direct- 
ing vector of the straight line of the "generatrix" of the 
cavity right wing. Mi At 2 = [x% — X\;z% — Z\) is cho- 
sen as a directing vector of the ray b. Let us choose 
M1M3 = (xs — X\] Z3 — Zi) as a vector of the ray between 
the extreme upper point of the left wing M^^x^, Z3) and 
the point Mi(iEi, z\). The corresponding coordinates can 
be written in the form: xq = 0; zq — 0; x\ — rcostp; 
z\ = rsin<^; x 2 = Rcosp; z 2 = — i? sin 93 — a; X3 = 0; 
Z3 = —a. The cosines of the angles between the guid- 

M a}i-MiA} 2 an( j 



ing lines are defined as cos ©i = 

^ Mo ill, -Mi Ah, rTTi 

cos ©2 = 11 ) n il 1 11 ■ rhus, 

Mo Af 1 ■ M1M3 

©i, ©2 and b have the forms 



|M Mi||-||MiM 2 | 

the expressions for 
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01 = aiXCOS , r+asiny-flcosZy > 

V y (a+-R sin ^+?" sin + (r cos ip—R cos <p) J 

2 = arccos f . ' r+asin ^ ^ , 

\ W a 2 +r 2 +2ra sin y 

^ sin(2^ — ©2) sin cp) 

sin(0 — 2ip) sin(ip — 02) 

Let us consider the nature of the non-compensation of 
the forces along the x-axis. The integration (J5J) by all the 
angles O for local specific forces of compression in the z 
direction gives 

e 2 

heir 2 f 

Pzij) = ~ 240^ J Sin (e " 2 ^ )4 Sin(6 " ^ )d9 ' (8) 

0i 

where a = gM^ggMpgl , By integrating © by all 
the angles for local specific forces of expulsion in the 
x direction we obtain 

e 2 

hr-K 2 r 

Px{r) = 240^ J Sin (6 ~ 2 ^ )4 C0S(9 ~ v)dQ - (9) 
Si 

We should note that when the actions at the angles 
are taken into account, for parallel plates (tp = 0) at 
R — » oo the pressure P z (R) is larger than that calculated 
by Casimir in 16/15 by a factor of lim P Z (R) — >■ 

\p- >0, R-¥oo 

— 240 s 1 if accor ding to expression ©. 

In this case, for the same limits, specific forces of ex- 
pulsion P x (r) tend to zero as it should hold in the given 
configuration lim P X (R) — > 0. However, the solu- 

ip— >0, R—xx> 

tion of (0) in the limits from 0i=Oto02 = 7r/2 and, 
separately, from 0i = ir/2 to 02 = 7r gives 

P i (^o, fl ^oc) = ^{;j; i °|«|f (io) 

It means that the configuration of two parallel plates 
shrinks both along the z-axis and the x-axis with the 
specific force of the order of 1/5 of the classical Casimir 
specific force and 16/75 of that determined by formula 

Thus, here we have a basic scheme of the calculation of 
the Casimir forces of pressure and expulsion in geometric 
approximation. Perhaps, it is possible to construct the 
theory of Casimir forces of expulsion based on first prin- 
ciples. However, the solutions of these and even more tra- 
ditional problems encounter essential difficulties. Known 
attempts to calculate Casimir pressure dependences in 
wedged geometries with angle 2tp between the surfaces of 
the cavity lead to the results which are far from being 
real [H[2l|. 

The use of formulae allows to reveal the following 
character of Casimir specific forces P z {r) and P x (r) along 
the x-axis for two parallel plates (<p = 0) of the same 
length R with the distance between them a — A x 10~ 7 
m (see Fig. [5]). The same character of the dependences 
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FIG. 2. Specific local Casimir forces of expulsion (a) and 
pressure (6) along the x-axis at tp = 0. The red line (b) shows 
the classical level of the Casimir pressure. 
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FIG. 3. Specific local Casimir forces of expulsion and com- 
pression along the z-axis at the angles <p = 1° (a, b). 

will take place at rescaling the dimensional parameters of 
a configuration to any small values but, naturally, within 
the frames of physically reasonable limits restricted by 
sizes of atoms. In Fig. 1251 it can be seen that at R/a 1 
the specific force P z (r) on the boundaries is always half of 
that in the centre of the configuration. The smaller are 
the configuration sizes, the more uniform are the com- 
pression forces. In addition, it can be seen that in the 
configuration there are forces P x (r) compressing the ends 
of the parallel plates toward their centre (Fig. I2a| . The 
specific force of compression is 16/75 of the specific force 
of pressure P z (r) on the plates. In this case, the smaller 
is the length R, the larger part of the cavity wing is sub- 
jected to the action of such forces. However, along the 
x-axis, the integral Casimir forces P x (f) compensate one 
another. 

An essentially different situation can be observed when 
we start changing the angle ip which is half of the angle 
between the cavity surfaces. It can be seen in Fig. [3]that 
at all the angles tp ^ there is a noncompensated force 
P x {r) pushing the figure along the x-axis both in the pos- 
itive and negative directions. The result of the action of 
the noncompensated force will be called Casimir expul- 
sion. Along the x-axis locally near the narrower section 
of the trapezoid cavity the force pushing the cavity in the 
x direction prevails at small angles. However, at the fur- 
ther growth of the angle tp in the proximity of the narrow 
section of the cavity the forces pushing it in the opposite 
direction to the x-axis are growing. 
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FIG. 4. Entire Casimir force of expulsion (a) and compression 
(b) of the cavity wing at tp = 1° depending on the wing length 
i? and width L = 1 m. 
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FIG. 5. Absolute values of the Casimir forces of expulsion (a) 
and compression (6) for different lengths R depending on the 
angle tp. 

Having ultimately integrated P x (r) and P z {r) by x we 
will find the entire Casimir force F x and F z acting upon 
one wing of the cavity. Let us study its dependence on 
the wing length R. The corresponding results are dis- 
played in Fig. 21 As seen from Fig|4a[ the total force 
of expulsion is always oppositely directed to the a;- axis. 



The force appears as time-constant expulsion of the open 
trapezoid cavity in the direction of its least opening (i.e. 
in the direction of smaller section). 

Fig. [5a] show the dependence of total forces of expul- 
sion and compression on the angle tp. It is seen that for 
any length of the surfaces of the cavity there is an expul- 
sion maximum depending on the angle tp, and the larger 
is the length R, the smaller is the angle. 

The existence of noncompensated forces of expulsion 
is possible for any other open metal cavities. However, 
trapezoid cavities have the most diverse and effective 
properties for study and application. 

Thus, here the possibility in principle is shown that 
noncompensated Casimir force of expulsion can exist in 
configurations in the form of open (perfectly conducting) 
metal nanosized cavities. The force is capable of creat- 
ing constant directed thrust which does not require the 
presence of bodies-partners. The force essentially differs 
from forces of repulsion capable of creating only effects 
such as levitation over bodies-partners. It is shown that 
for a trapezoid configuration, forces of expulsion have op- 
timums both for sizes and angles between cavity surfaces 
at which their manifestation is maximal. A particular 
case of trapezoid cavities is parallel mirrors. It is shown 
here that among many other things parallel mirrors expe- 
rience both transverse and longitudinal compression due 
to the oppositely-directed expulsion forces acting upon 
the ends of the mirrors. However for strictly parallel 
mirrors all the forces of expulsion are compensated in all 
directions. 
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